Abstract. Let G be a permutation group of degree n and let s(G) denote the number of set-orbits of G. We determine inf(
Introduction
A permutation group G acting on a set Ω induces a permutation group on the power set P(Ω). We call the orbits of this action set-orbits. Let s(G) denote the number of set-orbits of G. Obviously s(G) ≥ |Ω| + 1 as sets of different cardinality belong to different orbits.
In a paper of Babai and Pyber [1, Theorem 1], they show that if G has no large alternating composition factors then s(G) is exponential in n. More precisely they prove the following result [1, Theorem 1] . Let G be a permutation group of degree n and let s(G) denote the number of set-orbits of G. Assume that G does not contain any alternating group Alt(k), k > t(t ≥ 4) as a composition factor, then
for some positive constant C 1 .
In the same paper, they raise the following question, what is inf(
) over all solvable groups G? This question is answered in a recent paper of the author in [6] . Clearly, a more interesting question is to answer the following question, what is inf( log 2 s(G) n ) over all groups G that does not contain any alternating group Alt(k), k > 4 as a composition factor?
We study this question in this paper. It turns out that inf( Clearly, the main difficulty of this work is to identify the group that achieves the minimum bound.
Notation and Lemmas
Notation: (1) We use H ≀S to denote the wreath product of H with S where H is a group and S is a permutation group. (2) Let G be a solvable permutation group of degree n and we use s(G) to denote the number of set-orbits of G and we denote rs(G) =
We recall some basic facts about the decompositions of transitive groups. Let G be a transitive permutation group acting on a set Ω, |Ω| = n. A system of imprimitivity is a partition of Ω, invariant under G. A primitive group has no non-trivial system of imprimitivity. Let (Ω 1 , · · · , Ω m ) denote a system of imprimitivity of G with maximal block-size b (1 ≤ b < n; b = 1 if and only if G is primitive; bm = n).
Let H denote the normal subgroup of G stabilizing each of the blocks Ω i . Then G/H is a primitive group of degree m acting upon the set of blocks Ω i . If G i denotes the permutation group of degree b induced on Ω i by the setwise stabilizer of Ω i in G, then the groups G i are permutationally equivalent transitive groups and
Let G be a transitive group of degree n and assume that G is not primitive. Let us consider a system of imprimitivity of G that consists of m ≥ 2 blocks of size b, b maximal. Thus G H ≀ P 1 where P 1 is the primitive quotient group of G that acts upon the m blocks. We may keep doing this, eventually we may view G K ≀ P j · · · ≀ P 1 where K is a primitive group and P i are all primitive groups. We say that G is induced from the primitive group K.
denote a system of imprimitivity of G with maximal block-size b (1 ≤ b < n; b = 1 if and only if G is primitive; bm = n). Let H denote the normal subgroup of G stabilizing each of the blocks
Proof. Let A be a subset of Ω and let α j (0 ≤ j ≤ b) denote the number of s orbit-element sets among the A ∩ Ω i . Let B be another subset of Ω with the number β j defined similarly. If A and B are in the same orbit of G then α j = β j for (0 ≤ j ≤ b). Therefore s(G) is at least the number of partitions of m into s non-negative integers (where the order of the summands is taken into consideration). It is well known that this number is s + m − 1 s − 1 which proves (2).
We need the following estimates of the order of the primitive permutation groups. Theorem 2.4. Let G be a primitive permutation group of degree n where G does not contain A n . Then
0.76n when n ≥ 25 and n = 32. (1) for n ≥ 89, and one may check the results using GAP [2] for 25 ≤ n ≤ 88.
Lemma 2.5. Let G be a primitive permutation group of degree n where G does not contain any alternating group Alt(k), k > 4 as a composition factor. Proof. The results are checked by GAP [2] . n = 14, the bound 35 is attained by PrimitiveGroup(14,2) ∼ = PGL(2, 13). n = 15, the bound 46 is attained by PrimitiveGroup(15,4) ∼ = PSL(4, 2). n = 16, the bound 32 is attained by PrimitiveGroup(16,11) ∼ = 2 4 .PSL(4, 2). n = 17, the bound 48 is attained by PrimitiveGroup(17,8) ∼ = PΓL(2, 2 4 ). n = 21, the bound 158 is attained by PrimitiveGroup(21,7) ∼ = PΓL (3, 4) . n = 22. There are only two groups.
. n = 23, the group with the second largest order has order 506 and s(G) ≥ 16578. The group with the largest order is G ∼ = M 23 , and s(G) = 72. n = 24, the group with the second largest order has order 12144 and s(G) ≥ 1382. The group with the largest order is G ∼ = M 24 , and s(G) = 49. n = 32, the group with the second largest order has order 29760 and s(G) ≥ 144321. The group with the largest order is G ∼ = PrimitiveGroup(32,3) ∼ = ASL(5, 2), and s(G) ≥ 361. We remark here that 361 is a lower bound estimated by GAP [2] using random search, we cannot get the exact value though.
Main Theorems
We define a sequence {s k } k≥0 where
Clearly the sequence {s k } k≥0 is strictly increasing. We define a sequence {a k } k≥0 where
24 · 12 · 4 k+1 = a k . Thus we know that the sequence {a k } k≥0 is strictly decreasing. Since a k > 0, lim k →∞ a k exists. In order to provide a good estimate of the value of lim k →∞ a k , one needs to calculate the exact value of s(M 24 ≀ M 12 ). Using GAP [2] , one may easily obtain that s(M 24 ) = 49. On the other hand, it is not easy to calculate the exact value of s(M 24 ≀ M 12 ) using GAP [2] directly due to the calculation complexity of the orbit-stabilizer algorithm.
In order to calculate s(M 24 ≀ M 12 ), we need to break down the calculation into a few manageable steps. We first fix some notation. Let Π be the set of all the composition of 12 and let π be a partition of 12. Here we use B(π) to denote the number of the blocks of the partition. We know that B(π) = n 1 + n 2 · · · + n k , where n 1 is the number of blocks of the largest size, n 2 is the number of blocks of the second largest size and so on, and we define
We define N (π) to be the number of orbits of M 12 on all the multiset permutations (permutations with repetition) of a set of 12 elements with the partition π as multiset structure.
One can read the value of N (π) from Table 1 and Table 2 . The results in Table 1 and Table 2 are obtained using computer program GAP [2] .
For example, for the partition π = (3, 3, 2, 1, 1, 1, 1), we have that B(π) = 7, F (π) = 2! · 4! and N (π) = 70.
s(M 24 ≀ M 12 ) can be calculated using the following formula.
Using the previous formula and Table 1 
1/3 . Suppose that
Proof. We may assume that G H ≀ P 1 · · · ≀ P j , where P 1 is a primitive permutation group of degree k and all the P i s are primitive permutation groups. Then we know that
Now the result follows by induction.
Proposition 3.3. Let G be a permutation group of degree n where G does not contain any alternating group Alt(k), k > 4 as a composition factor. Let G be induced from H where H be a primitive permutation group of degree m. If H ∼ = M 24 , then
Proof. In view of Theorem 3.2, it suffices to check that
We call this inequality ⋆. Suppose that m ≥ 25 and m = 32, then |H| ≤ 2 0.76m by Theorem 2.4(2). Since s(H) ≥ 2 m /|H|, we have log 2 s(H) m ≥ 0.24. It is easy to check that ⋆ is satisfied. Suppose that m = 32, then s(H) ≥ 361 by Lemma 2.5(9), it is easy to check that ⋆ is satisfied. Suppose that m = 24 and H ∼ = M 24 , then s(H) ≥ 1382 by Lemma 2.5(8), it is easy to check that ⋆ is satisfied.
Suppose that m = 23, then s(H) ≥ 72 by Lemma 2.5(7), it is easy to check that ⋆ is satisfied. Suppose that m = 22, then s(H) ≥ 105 by Lemma 2.5(6), it is easy to check that ⋆ is satisfied. Suppose that m = 21, then s(H) ≥ 158 by Lemma 2.5(5), it is easy to check that ⋆ is satisfied.
Suppose that m = 20, then |H| ≤ 6840 by Table 3 and s(H) ≥ 2 20 /6840, it is easy to check that ⋆ is satisfied.
Suppose that m = 19, then |H| ≤ 342 by Table 3 and s(H) ≥ 2 19 /342, it is easy to check that ⋆ is satisfied.
Suppose that m = 18, then |H| ≤ 4896 by Table 3 and s(H) ≥ 2 18 /4896, it is easy to check that ⋆ is satisfied.
Suppose that m = 17, then s(H) ≥ 48 by Lemma 2.5(4), it is easy to check that ⋆ is satisfied. Suppose that m = 16, then s(H) ≥ 32 by Lemma 2.5(3), it is easy to check that ⋆ is satisfied. Suppose that m = 15, then s(H) ≥ 46 by Lemma 2.5(2), it is easy to check that ⋆ is satisfied. Suppose that m = 14, then s(H) ≥ 35 by Lemma 2.5(1), it is easy to check that ⋆ is satisfied. Suppose that m = 13, then s(H) ≥ 14. It is easy to check that ⋆ is satisfied. Suppose that m = 12, then s(H) ≥ 13. It is easy to check that ⋆ is satisfied. Suppose that m = 11, then s(H) ≥ 12. It is easy to check that ⋆ is satisfied. Suppose that m = 10, then s(H) ≥ 11. It is easy to check that ⋆ is satisfied. Suppose that m = 9, then s(H) ≥ 10. It is easy to check that ⋆ is satisfied. Suppose that m = 8, then s(H) ≥ 9. It is easy to check that ⋆ is satisfied. Suppose that m = 7, then s(H) ≥ 8. It is easy to check that ⋆ is satisfied. Suppose that m = 5, then s(H) ≥ 6. It is easy to check that ⋆ is satisfied. Suppose that m = 4, then s(H) ≥ 5. It is easy to check that ⋆ is satisfied. By Lemma 3.1, we may assume that G H ≀ P 1 · · · ≀ P j where deg(
In view of Theorem 3.2, it suffices to check that
We call this inequality ⋆(K). Table 3 to estimate |P 1 | and it is easy to check that ⋆(K) is satisfied.
If m 1 ≤ 16, then we have that s(K) ≥ 3+m1 3
by Lemma 2.3(2) and it is easy to check that ⋆(K) is satisfied.
Suppose that m = 2, then s(H) ≥ 3. Table 3 to estimate |P 1 | and it is easy to check that
Proposition 3.4. Let G be a permutation group of degree n where G does not contain any alternating group Alt(k), k > 4 as a composition factor. Let G be induced from H where H be a primitive permutation group of degree 24 and
Proof. Clearly s(H) = 49 by Lemma 2.5(8). Let K = H ≀ P 1 and m 1 = deg(P 1 ). In view of Theorem 3.2, it suffices to check that log 2 s(K)
. We may estimate |P 1 | using Table 3 , and it is easy to check that the previous inequality is satisfied.
If m 1 ≥ 33, then s(K) ≥ 49 m1 /|P 1 | by Lemma 2.3(1). We may estimate |P 1 | using Theorem 2.4(3), and it is easy to check that the previous inequality is satisfied.
If
by Lemma 2.3(2), and it is easy to check that the previous inequality is satisfied.
Theorem 3.5. Let H be a permutation group of degree 24·12·4 k where k ≥ 0 and 24 .
Thus we have that
By a similar argument, we will get that
Let m = deg(P 1 ). By Lemma 2.3(1), we have We may use Theorem 2.4(2) and Table 3 to estimate |P 1 | and it is easy to check that the previous inequality is satisfied.
by Lemma 2.3(2). We know that rs(G k ) =
Theorem 3.6. Let G be a permutation group of degree n where G does not contain any alternating group Alt(k), k > 4 as a composition factor. Let s(G) denote the number of set-orbits of G. Then we have 
Remark 1. One can get a good estimate of the limit using the proof of Theorem 3.5.
Using the same notation, we have G 0 = M 24 ≀ M 12 and we set n 0 = 24 · 12. Thus by Theorem 3.2, we know that M ≥ 0.1712268716679245433.
By the proof of Theorem 3.5, we have that Theorem 3.7. There is a number C such that the following holds. Let G be a finite group, p be a prime not dividing |G|, and let V be a finite faithful, irreducible F p G-module. If p > C, then k(GV ) ≥ 2 √ p − 1.
Theorem 3.8. Let C be the constant occurring in the previous theorem. Let G be a finite group. Suppose that p is a prime dividing |G| and that p > C. Then k(G) ≥ 2 p − 1.
It was mentioned in [4] that the value C one could get from the proof would be extremely large. But even finding such a bad value for C seems to be quite a difficult task, given that the C also depends on the unspecified constants in [1] and in [3, Theorem 35(a) ].
The result of this paper would be helpful in finding an estimate of the constant C in that paper since it provides the best possible estimate for the result in [1] . 1,1,1,1,1,1,1,1,1,1,1 ) 5040 11 (2,1,1,1,1,1,1,1,1,1,1 ) 2520 10 (3,1,1,1,1,1,1,1,1,1 ) 840 10
